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2.1 Erdős–Rényi Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Configuration Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Stochastic Block Model (SBM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Degree Corrected Stochastic Block Model (DCSBM) . . . . . . . . . . . . . . . . . . . . . . . . 10

2.5 Mixed Membership Block Model (MMSBM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.6 Exponential random graph models (ERGM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Graph limits/Graphons 12

3.1 Representation of various random graphs models via graphons . . . . . . . . . . . . . . . . . 16
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Preliminaries

This section consits of definitions of notions used throughout the project.

Definition 0.0.1 (Graph, vertex, edge). A graph is as a pair G = (V,E), where V denotes the vertex set and

E ⊆ {x y |(x, y) ∈ V2} denotes the edge set.

Considering a graph G = (V,E), we define :

Definition 0.0.2 (Order and size). The order and size of G are respectively |V| and |E|.

Definition 0.0.3 (Adjacent vertices). For any pair u, v ∈ V we say that u, v are adjacent if uv ∈ E.

Definition 0.0.4 (Adjacent edges). For any u, v, w ∈ V such that uv = e, v w = f ∈ E, we say that e and f

are adjacent.

Definition 0.0.5 (Degree). For any u ∈ V the degree of u corresponds to the number of its neighbours.

Formally, deg (v) = |{u ∈ V|vu ∈ E}|

Definition 0.0.6 (Incidency). For any pair u, v ∈ V such that uv = e ∈ E, we say that v and u are incident

to e.

The following definitions are necessary to understand the Configuration Model which is defined in Part

2.2.

Definition 0.0.7 (Degree sequence ). Let G = (V,E), be an order p graph. A sequence d1, ...,dp ∈ N is

called a degree sequence for G if there exists a labelling v1, ..., vp of V such that deg (vi ) = di ∀i = 1, ..., p.

Definition 0.0.8 (Graphical sequence ). A sequence of p non-negative integers is called a graphical se-

quence (or graphic sequence or graph sequence) if there exists an order p graph that admits such a degree

sequence.

Definition 0.0.9 (Adjacency matrix). Let G = (V,E) be an order n simple graph. The Adjacency matrix A

is an n x n matrix defined as follows :
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Ai j =


1, if vi v j ∈ E

0, otherwise

This definition extends naturally to weighted graphs with Ai j = wi j , the weight of the edge vi v j .

Definition 0.0.10 (Laplacian matrix). Let G = (V,E) be an order n simple graph. The Laplacian matrix L

is an n x n matrix defined as follows :

Li j :=



deg(vi ), if i = j

−1, if i ̸= j and vi is adjacent to v j

0, otherwise

This definition extends naturally to weighted graphs with L = D− A, with A the adjacency matrix for a

weighted graph and D the degree matrix containing the degree of the vertices on the diagonal and 0

elsewhere.

Definition 0.0.11 (Likelihood function ). Let xi , i = 1, ...,n be observations of n random variables drawn

from a probability distribution with joint density fP belonging to a parametric family { f (.;P)|P ∈Ψ} with

Ψ the parameter space, of finite dimension. The likelihood function is defined as the evaluation of the

joint density at the observation

L(P) := f (x1, ..., xn ;P)

Definition 0.0.12 (Graph labeling). Given a graph G = (V,E), a labeling is a function

f : V −→ {1, ..., |V|}.

A graph equipped with such a function is called a labeled graph, otherwise it is called unlabeled.
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1 Introduction

“A graph is worth a thousand words”

Frank Harary, mathematician

Graphs, also known as networks, have a long history and have gained significant attention since their

initial appearance in Leonhard Euler’s Seven Bridges of Königsberg [15]. These graphical representa-

tions of complex data have become increasingly prevalent in data-related fields due to the exponen-

tial growth of population and advancements in technology. Notably, colossal networks like the World

Wide Web, which encompasses billions of indexed pages, have emerged as prominent examples. The

prevalence of large networks has led to the development of Network Science, an interdisciplinary field

utilizing graph theory, probability, statistics, and information theory. Nowadays, large graphs are ubiq-

uitous in the real-world, and consequently they are at the core of various active fields of study, such as

computer science, electrical engineering[7, 34], finance, biology[18], archaeology[36], economics, public

health[38], sociology, neuroscience [6]and many more. Papers that are considered to be among founding

papers of the networks science are known to be [42, 4] and [17], as they have first raised awareness on

complex networks, which is an intense area of study [25]. Random graph models are essential tools in

the field of network science, providing a framework for studying and understanding complex networks.

These models involve probability distributions over graphs and serve as crucial null models for analyz-

ing real-world networks. Random graph models play a significant role in diverse fields where complex

networks need to be modeled, including social networks, biological networks, communication networks,

and the internet. They allow researchers to simulate and analyze network structures, study various net-

work properties, and investigate the emergence of patterns and behaviors in real-world networks. By

comparing real networks to the predictions of random graph models, researchers can identify unique

features, detect deviations from randomness, and gain insights into the underlying mechanisms shaping

complex systems. Through the development and analysis of random graph models, researchers aim to

uncover fundamental principles governing network formation, dynamics, and functionality, ultimately

contributing to advancements in various scientific disciplines and practical applications. Among the

most popular random graph models we have the Erdős-Rényi Model [29], the Configuration Model [10],
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the Stochastic Block Model [19] and its extensions the Degree Corrected Stochastic Block Model [21] and

Mixed Membership Stochastic Block Model, and the family of Exponential Random Graph Models [9].

First, in section 2 we will motivate and define all of these, and generate some observations of graphs fol-

lowing the Erdős-Rényi Model 2.1, the Configuration Model 2.2, and the Stochastic Block Model 2.3using

MATLAB. Then in section 3 we will take a look into an object formalizing the notion of graph limits, called

graphons, and how to link these objects to the previously seen models. Finally, in section 4 we shall in-

vestigate the question : Given a network realization from a random graph model, how can we recover its

parameters? . We will look into various algorithm and methods, such as spectral methods 4.1.1, modu-

larity maximization 4.1.5, maximum likelihood estimation 4.1.6, and network histogram4.2.2 that have

been developed trying to answer this. In particular, in 4.1.2 and 4.1.3 we will apply an algorithm detailed

in 4.1.1 called the spectral clustering algorithm, and discuss bounds regarding its ability to perform well

in 4.1.4. We conclude our project with section 5 by summarizing what we have done.

2 Random Graph Models

2.1 Erdős–Rényi Model

Erdős–Rényi (ER) model is the first and simplest random graph model. Despite its simplicity, it has served

to be a foundational model which has been studied extensively[29]. To define it in an intuitive fashion,

consider a set of vertices. To build an Erdős–Rényi graph from this set, pick any pair of vertices from it.

The probability that there exists and edge between the two nodes is fixed, and the same for every such

pair. Below we provide two different related definitions of the Erdős–Rényi random graph model:

Definition 2.1.1 (ER G(n, p) ). Let G be a graph on n vertices, A ∈ Rn×n its adjacency matrix, and p ∈
[0,1]. Then G is said to be an be ER G(n, p) random graph if :

Ai j
i i d∼ Bernoulli(p) (1)

for every i , j ∈ 1, ...,n distinct, and Ai i = 0.
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Definition 2.1.2 (ER G(n, m)). Let G = (V,E) be a labelled graph on n vertices, and m be any integer in

{0,1, ...,
(n

2

)
}. Then G is said to be an ER G(n,m) random graph if |E| = m. Notice that as in this definition

the vertices are considered to be labeled, two graphs that are nothing else than a relabeling one of each

other are considered to be distinct.

Even if those two models may seem different at first sight, the following lemma provides their asymptotic

equality :

Lemma 2.1. If n2p −→+∞, then G(n, p) behaves similarly as G(n,
(n

2

)
p).

PROOF : Let G = (V,E) ∈ G(n, p). Then it is clear that E(|E|) = (n
2

)
p, thus if this quantity tends to infinity

then by the Law of Large Numbers every graph in G(n, p) will almost surely have approximately this many

edges. Consequently, a reasonable heuristic is that G(n, p) and G(n,
(n

2

)
p) behave similarly provided that

n2p −→+∞. □

Below we illustrate some graphs generated from the ER model, with different probabilities (the legends

G(x,y) refer to 2.1.1) :

(a) G(50,0.01) (b) G(50,0.05) (c) G(50,0.5)

Figure 1: ER random graphs on 50 vertices generated using MATLAB

The simplicity of the ER model is unfortunately also its main disadvantage [33], as it makes it too ho-

mogeneous to be realistic. For instance, it is frequent to see some clusters in a lot of social networks,

whereas ER graphs tend to have low clustering due to the fact that the same randomization is applied to

each edge appearance, without taking into consideration the belonging of the vertices to a community,

making them more likely to be linked by an edge. Also, in real life, it is often the case that some vertices
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are more important than others, so those tend to have more connections with the rest of the graph, i.e a

higher degree. This motivates us to consider another model: the Configuration model.

2.2 Configuration Model

The Configuration Model [10], allows one to generate a random graph based on a degree sequence s (see

0.0.7). Provided the feasibility of the degree sequence, we can follow a simple algorithm to get a graph G

for which s is graphical (see 0.0.8).

Figure 2

Now, to get any possible random graph admitting s as its graphical se-

quence, one can simply cut all the edges in G, so that every node still re-

tains its degree by the number of half-edges (or stubs) emanating from

it. The result will be an even number of half-edges. To create a new

graph with the same degree, one simply needs to randomly pair all of

the half-edges, in order to create the new edges in the graph. Figure 2

illustrates this procedure. Notice that this way of proceeding can lead

to multi-edges (as in figure 3a), or self-loops (as in figure 3b).

(a) Multi-edge (b) A graph with a self loop on vertex 2

Figure 3

Because sometimes an image is worth a thousand words, we illustrate the possible outcome of Configu-

ration Model with 4 nodes and degree sequence s=3,2,2,1 in figure 4 below.
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(a) (b) (c)

Figure 4: Random graphs based on the CM on 4 vertices and degree sequence (3,2,2,1)

We see that in figure 4a and figure 4b we get self-loops. We don’t get any multiple edges, as MATLAB gets

automatically rid of them.

To end this subsection on the configuration model, we give the following algorithm which defines its

generation :

Algorithm 1

1: Input : m ∈N, and s = k1, ...,km a nonincreasing sequence of nonnegative integers.
2: Check that s is graphical thanks to Havel-Hakimi theorem
3: Represent each vertex by point with as many stubs on it as its degree
4: Let S be the set of stubs
5: while S is non empty do
6: take a pair s1, s2 ∈ S of distinct stubs and link them
7: S = S\{s1, s2}
8: end while
9: Output: A graph G such that s is graphical for it.

2.3 Stochastic Block Model (SBM)

Stochastic blockmodel’s first formulation goes back to 1983 [19], and is a model for networks character-

ized by block structure. It is part of the bigger category of Latent Space models 1. By block structure, we

mean that the nodes of the network are partitioned into subgroups called blocks (or communities) and

that the distribution of the ties between nodes is dependent on the blocks to which the nodes belong. We

1Latent Space models are models in which a latent variable, that we are not able to see, explains some of the graph’s behavior. In
the case of SBM, each vertex v1, ..., vn has an associated latent variable u1, ...,un which belongs to the sets of communities. Finding
the community of appurtenance of a given vertex can be an interesting challenge.
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may distinguish two types of SBM : the assortative, with higher probability of connection inside comu-

nities than between, and dissortative, with higher probability of connection between communities than

inside.

Let us give an example of a situation where the SBM may be appropriate. Consider a set of inhabitants of

two cities (let us say Saint Germain au Mont d’Or and Prizren), and let us be interested in the friendship

between two people. It should be obvious that as Saint Germain au Mont d’Or and Prizren are far far far

away (1 888 km precisely), two people are way more likely to be friends if they are in the same city.

Thus it can be relevant to assign for every pair a probability p1 to be friends if they are both Saint Ger-

minois, a probability p2 to be friends if they are both from Prizren and a probability q if one leaves in

Saint Germain au Mont d’Or and the other in Prizren; with p1, p2 >> q as two people are less likely to be

friends if they are not in the same city. Note that this is an example of the assortative case.

Note that in 2.1.1 we explicated the law followed by the adjacency matrix of an ER G(n, p) random graph.

We can do the same for the SBM, to give a rigorous definition :

Definition 2.3.1 (k-term stochastic block model). Let c ∈Rn be taking values in {1, ...,k}. The SBM for a

n ×n array A is specified in terms of connectivity matrix Pk×k as

Ai j |c i i d∼ Bernoulli(Pci c j )

for every i , j ∈ 1, ...,n distinct, and Ai i = 0.

In words, the stochastic block model takes the following parameters:

• The number n of vertices;

• a partition of the vertex set {1, ...,n} into disjoint subsets C1, ...,Ck called communities

• a symmetric k ×k matrix P of edges probabilities.

The edge set is then sampled at random as follows: any two vertices u ∈ Ci and v ∈ C j are connected

by an edge with probability Pi j . Going back to our introductory exampl the connectivity matrix P for it

would be given as :
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p1 q

q p2


with two communities Cp1 and Cp2 , a partition of the habitants with respect to their city (Saint Germain

au Mont d’Or or Prizren).

Below, we add an illustration which is a result of SBM simulation in MATLAB with different P and C for

n = 100.

(a) (b)

(c) (d)

Figure 5: Random graphs based on different SBM on 100 vertices generated using MATLAB

Note that all four pictures, we have 100 vertices but the separation into communities and associated

probability matrix vary. Let Pi for i ∈ {a,b,c,d} be the matrix associated with the corresponding picture,
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then we get :

Pa =

0.5 0.1

0.1 0.5

 ,Pb =

 1 0.05

0.05 0.5



Pc =

0.8 0.1

0.1 0.3

 ,Pd =


0.5 0.01 0.1

0.01 0.3 0.05

0.1 0.05 0.08


Also, we see that in figures 5a and 5b, the population is divided into two equal communities of 50 individ-

uals, whereas for figure 5c the first community (first with respect to the columns/rows order in Pc ) counts

20 individuals and the second 80. Lastly, in figure 5d we have three communities counting respectively

33,33 and 34 individuals.

Figure 5a represents the basic situation, where two communities equal in size are strongly linked inside

and weakly linked outside communities. Figure 5b is based on Figure 5a, but we doubled the probability

associated with the first community (this can be seen on the plot as the bottom left cloud is way denser

than the top right one). Also, the two clouds seem less linked; which is indeed the case as we divided the

probability associated with an edge between the two communities by 2.

Figure 5c represents two communities this time not equal in size (this could apply to our Prizren/Saint

Germain au Mont d’Or example, as Prizren is way bigger), and figure 5d a slightly more complex situa-

tion; with three communities C1,C2,C3 linked as follow: C3 is linked to C1 (p = 0.1) and to C2 (p = 0.05),

but C2 and C1 are almost not linked at all (only a few edges on the graph, p = 0.01). Each community has

its own distinct inside probability, respectively 0.5,0.3,0.8.

2.4 Degree Corrected Stochastic Block Model (DCSBM)

Despite its utility, SBM with a fixed k is often not sufficient to model real-world graphs. In particular,

due to the model assumption, all nodes within the same community in an SBM are exchangeable and

hence have the same degree distribution. In comparison, nodes in real-world networks often exhibit a

degree heterogeneity even when they belong to the same community. One way to accommodate degree

heterogeneity is to introduce a set of degree-correction parameters {θi : i = 1, ...,n}, one for each node,
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which can be interpreted as the popularity or importance of a node in the network. In probabilistic terms,

θi controls the expected degree of vertex i . This motivates the definition of the DCSBM [21]:

Definition 2.4.1 (DCSBM). Under the same formalism as in DEFINITION 13, a graph G on {1, ...,n} is

said to be built on the SBM if its adjacency matrix A ∈Rn×n verifies:

Ai j
i i d∼ Bernoulli(θiθ j PC(i )C( j )) (2)

In the example of the study of [21] of the “karate club” network [45], a club which have split into two

different parts after internal problems, the DCSBM has reveal itself to be more performing, in the sense

of community detection, than the simple SBM.

2.5 Mixed Membership Block Model (MMSBM)

A different perspective of considering degree heterogeneity, is taking into account the fact that some

nodes may belong to several communities in the mean time. For instance, if we are interested in study-

ing interactions between people based on their belonging in communities, it rarely happens that people

belong to one and only one community. Even if we restrain our interest in a specific type of community,

multi-belonging may occur. As an example, let us imagine that we are looking into relations of friendship

in a high school based on hobbies of teenagers. Some may be into sports, music, and theatre together.

Even if we restrain ourselves to only sports, some may practice several. This motivates an extension of

the SBM which would allow individuals to belong to several communities in the meantime. That is where

the MMSBM comes into play. It has emerged in the literature independently in various statistical appli-

cations settings like population genetics [32], text analysis [5] or survey data [14]. We gives its definition

for directed graphs, as the one for undirected derives quite easily from it

Definition 2.5.1 (MMSBM). Let us use the same parameters as in Definition 2.3.1. Then a directed graph

G = (V,E) is said to be built on the MMSBM when :

• For every vertex v ∈ V :
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– we have an associated r dimensional mixed membership vector π⃗v ∼ Dirilchet(⃗α), where r is

the number of communities and α⃗ a latent variable.

• For every pair of nodes (u, v) ∈ V ×V :

– we have membership indicator for the initiator, z⃗u→v ∼ Multinomial(⃗πu)

– we have membership indicator for the initiator, z⃗v→u ∼ Multinomial(⃗πv )

– A determination of their interaction Auv ∼ Bernouilli(⃗z⊤
u→v Pz⃗v→u)

2.6 Exponential random graph models (ERGM)

ERGM [9] is a generative statistical network model whose ultimate goal is to present a subset of networks

with particular characteristics as a statistical distribution. We call those characteristics statistics, or con-

figurations. Often they are numbers of repeated subgraphs (such as complete graphs, cycles, ...) across

the studied graphs. ERGMs are useful in statistical analysis of social networks, or knowledge graphs 2. We

can define the model as follows :

Definition 2.6.1 (ERGM). Let Y be the set of all possible graphs on a set of n vertices. A graph y ∈ Y is

said to be built on the ERGM if it follows :

P(Y = y |⃗θ) = exp (⃗θ⊤ ⃗s(y))

c (⃗θ)

where s(y) is a given vector of sufficient statistics depending of the observed graph, θ⃗ is a vector of model

parameters and c (⃗θ) =∑
y∈Y exp (⃗θ⊤ ⃗s(y)) is a normalising constant.

3 Graph limits/Graphons

Graphs are fundamentally discrete objects but some problems necessiate using sequences of graphs in-

stead of a single graph. For instance, if we want to minimise the 4-cycle densities among graphs with

2An instance of a popular knowledge graph is the Google Knowledge Graph. This is a knowledge base from which Google serves
relevant information in an infobox beside its search results. This allows the user to see the answer in a glance, as an instant answer.
The data is generated automatically from a variety of sources, covering places, people, businesses, and more.
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edge-density p ∈ (0,1), we can prove that that the 4-cycle density is ≥ p4 and approached by a sequence

of graph. However, there is no explicit graph that touches this bound, even if one can exhibit a sequence

that approaches it. Rather than solving this problem in a sequential way, we would like to have a single

analytic object that depicts the solution. This motivates the definition of Graph limits, or Graphons.

Definition 3.0.1 (Graphon). A graphon (short for graph function) is a symmetric measurable map given

as

W : [0,1]2 → [0,1]

This object is of particular importance when in studying dense graphs. Graphons arise via two things.

Firstly, they arise quite naturally as a limit of some sequence of random graphs. The link between graphons

and dense graphs resides in two observations: the RGM defined by graphons generate almost surely

dense graphs, and, by the regularity lemma, graphons capture the structure of arbitrary large dense

graphs. Before stating the regularity lemma, or also called Szemerédi’s regularity lemma we shall know

what is the edge distribution between some parts that behave ’almost randomly’ real meaning. The no-

tion between the idea of ’almost random’ is called ϵ-regularity. Let us begin with the definition of edge

density.

Definition 3.0.2 (edge density). Let X,Y be disjoint subsets of the set of vertices of our graph. We define

the edge density of the pair (X,Y) as:

d(X,Y) := |E(X,Y)|
|X||Y|

where E(X,Y) stands for the set of edges that have one end vertex in X, and the other one in Y.

A pair (X,Y) as in the above definition is ϵ-regular if, whenever large subsets of each of X and Y are taken,

the edge density of the pair of subsets is not too different from the edge density of the pair of parts. Let

us be more formal:

Definition 3.0.3 (ϵ-regularity). Take a pair of vertex sets X and Y, and ϵ > 0: . Then the pair is called

ϵ− r eg ul ar , if ∀A ⊆ X, ∀B ⊆ Y that satisfy |A| ≥ ϵ|X|, |B| ≥ ϵ|Y|, the following holds :

|d(X,Y)−d(A,B)| ≤ ϵ
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Considering the above-mentioned definition, we may want to define an ϵ-regular partition as one where

each pair of parts is ϵ-regular. However, some graphs, like for instance half graphs, require lots of pairs

of partitions (but small relatively to the total number of pairs) to be irregular. So it makes more sense to

define ϵ-regular partitions to be such as most pairs of parts (but not all) are ϵ-regular.

Definition 3.0.4 ( ϵ-regular partitions). We say that a partition of V into k sets P = {V1, ...,Vk } is an ϵ-

regular partition whenever: ∑
(Vi ,V j ) not ε-regular

|Vi ||V j | ≤ ε|V(G)|2

Now we have enough definitions to give the lemma, but let us motivate it before. Theoretical reasons

coming from this lemma strongly support the fact that graphons can be very well approximated by

blocks. The lemma suggests that a large enough graph will almost behaves like it had been drawn from a

SBM with k communities. But we may face the problem of k being too large, and in order to encounter

this problems we shall follow regularizing strategies to infer a good enough approximation with a rea-

sonable k [44].

Lemma 3.1 (Szemerédi’s Regularity Lemma). ∀ϵ > 0 and ∀m ∈ N, ∃M ∈ N such that if G = (V,E) is a

graph with M ≤ |V|, ∃k ∈N verifying m ≤ k ≤ M and an ϵ-regular partition of the vertex set of G into k sets.

Going back to graphons, they also arise as the fundamental defining objects of exchangeable random

graph models, and exchangeability is the natural thing to consider when working with unlabelled graphs.

We will need the following definitions :

Definition 3.0.5 (Exchangeable random variables). Let {Xi }, 1 ≤ i <∞, be a sequence of binary random

variables. It is exchangeable if

P(X1 = e1, ...,Xn = en) = P(X1 = eσ(1), ...,Xn = eσ(n))

for all n ∈N, all permutations σ ∈ Sn and all ei ∈ {0,1}.

Definition 3.0.6 (Exchangeable random array). Matrix or array of random variables whose distribution

is invariant under permutation of row and column indices.
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Definition 3.0.7 (Separately/jointly exchangeable random variables). Let {Xi j }, 1 ≤ i , j <∞, be binary

random variables. They are separately exchangeable if

P(Xi j = ei j ,1 ≤ i , j ≤ n) = P(Xi j = eσ(i )τ( j ),1 ≤ i , j ≤ n)

for all n ∈N, all permutations σ,τ ∈ Sn and all ei j ∈ {0,1}. They are jointly exchangeable if the above holds

in the special case τ=σ.

If we follow the two following steps, a graphon can define an exchangeable random graph model :

• each vertex j of the graph has an associated independent random value u j ∼ U(0,1)

• The probability of belonging of each edge (i , j ) to the graph is W(ui ,u j ). In other words

Ai j |W,ui ,u j
i i d∼ Ber (W(ui ,u j ))

Now let us give an important result, proved independently by Aldous and Hoover in 1981 and 1979, re-

spectively.

Theorem 1 (Aldous-Hoover ). — Let A ∈ {0,1}n×n be a jointly exchangeable random array and ξ ∈ [0,1]n

have independent U(0,1) entries. Then there is a function f (ξi ,ξ j ;α) such that

P(Ai j = 1|ξ,α) = f (ξi ,ξ j ;α)

The usefulness of this result reside in its ability to link the concept of exancheability to network mod-

elling. A clear example will be given in 4.2.2.
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3.1 Representation of various random graphs models via graphons

3.1.1 Erdős–Rényi Model

This is the simplest example of a graphon, where W is defined as :

W(x, y) = p, ∀(x, y) ∈ [0,1]2 and p ∈ [0,1] (3)

3.1.2 Stochastic Block Model

Intuitively, we will have a piecewise constant graphon on the block diagonal of the unit square, and 0

outside this diagonal. Rigorously, we divide [0,1]2 into k ×k blocks, and define W as :

W(x, y) = plm , (4)

whenever (x, y) ∈ (l ,m)th block, with pl m ∈ [0,1], and being 0 whenever l ̸= m.

3.1.3 Configuration Model

The corresponding graphon is, for (x, y) ∈ [0,1]2 :

W(x, y) = g (x)g (y)

where g is a function from [0,1] from [0,1].

4 Inference

4.1 Inference of SBM parameters

4.1.1 Spectral methods

In this subsection, we will take a closer look into the adjacency and Laplacian matrices of the graphs

we will study, in particular their eigenvalues as they are one of the most useful algebraic properties of
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the graph. The goal is to extract some interesting properties regarding the structure of the graphs. The

field that deals with their study is called Spectral Graph Theory, and we may start with one of the most

fundamental definitions of the field :

Definition 4.1.1 (Spectrum of a graph). Let A be the adjacency matrix of an undirected graph G on n

vertices. Let us denote by λ1 ≥ ... ≥ λn the n real eigenvalues (it can be proved that they are real). Then

these eigenvalues associated with their multiplicities compose the spectrum of G.

As said previously, the eigenvalues, and therefore consequently the spectrum of a graph, contains a lot

of information about it. By looking at the spectrum, one can tell the key properties of the graph such

as connectivity, regularity, number of connected components, ect. We give several such information

contained in the spectrum in the lemma below :

Lemma 4.1. Consider any undirected graph G with adjacency matrix A. Then we have the following

properties :

• If G is d-regular, then λ1 = d and |λi | ≤ d for i = 2, ...,n.

• G is connected iff λ2 < d , i.e., the eigenvalue d has multiplicity 1. Moreover, the number of con-

nected components of G equals the multiplicity of eigenvalue d.

• If G is connected, then G is bipartite iff λn =−d , with d the largest eigenvalue.

Now the natural question arising is how to use the spectrum in real-life problems. It appears that in the

field of data science, one of the most popular clustering algorithms, the spectral clustering algorithm,

makes an interesting use of it. Before going deeper into this, we shall first define what clustering is,

although we are aware that it is ill defined [22]:

Definition 4.1.2 (Clustering). The task of grouping a set of objects in such a way that objects in the same

group (called a cluster) are more similar (in some sense) to each other than to those in other groups

(clusters).

Now let us give more context. Suppose we have a set of n data points (x1, ..., xn) and a relation of similarity

between each pair (xi , x j ) of points quantified by some si j ≥ 0, and we wish to divide our set into k
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clusters such that the elements inside of each cluster are as similar as possible. A clever thing to do is

to represent our data by a similarity graph where each node is associated with a point, and each edge

is determined by the similarity si j of its extremities, with existence of the edge if and only if it is bigger

than a certain threshold, and if it exists it is weighted by si j . 3 So our clustering problem appears quite

clear : we want to partition our newly built graph into clusters such that the weights inside clusters are

maximal, and outside minimal.

With this formality applied to our problem, let us introduce the intuitive idea of the spectral clustering

algorithm. It aims to select some relevant eigenvectors of the Laplacian matrix of the similarity graph,

in order to apply a clustering method to them. A careful selection of the eigenvectors can consequently

lead to a substantial reduction of the dimension in which we are working, and thus the computations.

A widely used clustering method is the k-means, where k is the required number of clusters. Intuitively,

we want to find k groups of data points, containing all of our points, such that each of the group is made

of the closest points from its centroid. We give a rigorous defintion below :

Definition 4.1.3 (k-means). Given a set of n d-dimensional data points (x1, ..., xn), we want to find a

partition S = {S1, ...,Sk } such that it minimizes the following function :

argmin
S

k∑
i=1

∑
x∈Si

∥∥x −µi
∥∥2

where µi is the centroid rigorously defined as :

µi = 1

|Si |
∑

x∈Si

x

To obtain a satisfactory partition, we may follow the simple following algorithm :

Now that we know the idea behind the spectral clustering algorithm, and have all the necessary tools to

make it work we give the pseudocode of the algorithm, from [40] :

Spectral clustering has shown to be a very efficient machine learning method, and gained more popular-

ity in the field after [35] provided a novel solution to the perceptual grouping problem in vision. It is also

3 Note that an often used form of similarity matrix is si j = e−(di sti j )2
, with di st a distance to choose
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Algorithm 2 k-means

1: Input : n data points (x1, ..., xn), and a positive integer k.
2: Start with k new points (y1, ..., yk ).
3: Build k clusters Si around the associated yi by adding x j to the cluster Si whenever yi is the closest

y from x j .
4: Set yi = 1

|Si |
∑

x∈Si
x

5: Repeat until convergence
6: Output: A partition S that minimizes the k-means function.

Algorithm 3 Spectral clustering

1: Input : Similarity matrix S ∈Rn×n , number k of clusters to construct.
2: Construct a similarity graph as described above. Let A be its weighted adjacency matrix.
3: Compute the Laplacian L of the graph, and u1, ...,uk its first k eigenvectors.
4: Let U ∈Rn×k be the matrix containing the vectors u1, ...,uk as columns.
5: For i = 1, ...,n, let yi ∈Rk be the vector corresponding to the i-th row of U.
6: Cluster the points (yi )i = 1, ...,n in Rk with the k-means algorithm into clusters C1, ...,Ck .
7: Output: Clusters A1, ..., Ak with Ai = { j |y j ∈ Ci }.

worth noticing the work of [43], [3] and [27]. This is a recent topic as many of the relevant publications

about it are dated after 2000 (see [39],[3] and [40]). Consistency of the method has been investigated

in [41], in which they proved that the eigenvectors of the Laplacian, and proved that, under standard

assumptions, they converge to eigenfunctions of some limit operator.

4.1.2 Application of the spectral clustering algorithm for data points

In what this section we shall apply the spectral clustering algorithm to a set of 190 randomly generated

2-dimensional data points divided in four clusters of various sizes. We will follow the steps below :

• First generate data points randomly already in clusters, and plot them such that the clusters are

visible.

• Compute the distance between each pair of data points.

• Compute the similarity matrix using the distances via the formula given in footnote 3.

• Plot the similarity graph using a certain threshold to connect to points 4.

4There is another way to do it. We could have linked every pair of points by a weighted edge representing their distance, and
then choose a certain threshold (for the weight) to decide the clusters in which the points would have been. However, this is
computationally far worse as we would need to work with a bigger (in fact complete) graph. That is why we did not choose this way.
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• Find the number of connected components k of the similarity graph, and apply the spectral clus-

tering algorithm with this k for the k-means.

Let us begin with the first step. We generate four sets of random points : two noisy circles, a small circle

of 50 points inside a big one of 100 points; and two clusters outside of the circles of 20 points, with x and

y coordinates following Gaussian of means respectively -6 and 6 and standard deviation 0.5. This gives

us Figure 6.

Figure 6

Next, we computed the distances and the similarity matrix, and generated the similarity graphs by using

a similarity threshold of 0.2, meaning that two vertices are connected in the similarity graph if and only

if their associated points xi , x j have a similarity coefficient si j greater than 0.2. Notice that this makes

sense as a coefficient si j of S is inversely proportional with di st (xi , x j ). Hereafter you can find the simi-

larity graph obtained in Figure 7.

Finally, we applied the spectral clustering algorithm via the MATLAB function spectralcluster, using an

unnormalized Laplacian and the k-means method where k = 5 is the number of connected components

of the similarity graph above, that was found using the conncomp MATLAB function. We obtained Figure

8 , where each clusters is represented by its color.
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Figure 7

Figure 8
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Notice that above we specified that the Laplacian is unnormalized. This is because another way to apply

the spectral clustering algorithm is through the normalized Laplacian. There are two normalized Lapla-

cians:

• the symmetric normalized used in [27]

Lnorm := I−D−1/2AD−1/2.

• the random walk (or left) normalized Laplacian used in [35]

Lrw := D−1L = I−D−1A.

4.1.3 Application of the spectral clustering algorithm for a SBM

In this subsection we generate some graphs via a SBM with 150 nodes separated in 3 clusters of 50 nodes,

and see what happens when we change some entries of the probability matrix P. Through the four fol-

lowing examples, we will give k = 3 as the number of clusters for the spectral clustering algorithm, and

the matrix will look like this :

Px =


0.7 x 0.01

x 0.7 0.01

0.01 0.01 0.7


where x is going to vary.

Starting with x = 0.01 gives us the following plots shown in Figure 9.

We see that the spectral clustering algorithm is perfectly able to detect the clusters. Multiplying the vari-

able by 30 still gives us a good partition, see Figure 10.

Even if the two communities on the left are more linked than in the first example, the edge forest between

them is not dense enough to alter the spectral clustering algorithm. But when x becomes greater than

0.4, our results indicate a bad partitioning. For instance, the following has been obtained with x = 0.45,

see Figure 11.

We clearly see an asymmetry between the green and the red community, where the first one seems to
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(a) Graph (b) Partition found

Figure 9: Spectral clustering algorithm applied on a graph following the SBM based on P0.01

(a) Graph (b) Partition found

Figure 10: Spectral clustering algorithm applied on a graph following the SBM based on P0.3

(a) Graph (b) Partition found

Figure 11: Spectral clustering algorithm applied on a graph following the SBM based on P0.45
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take over, whereas according to our SBM the two should be equals in number. This is because the two

left blocks are too strongly linked to each other.

Finally, when x is very close to the probability value inside clusters, this leads to worse detection, as in

the Figure 12 below.

(a) Graph (b) Partition found

Figure 12: Spectral clustering algorithm applied on a graph following the SBM based on P0.6

From this we can clearly see that the algorithm wants to partition our set of nodes into k = 2 clusters,

instead of the k = 3 we fed him. In the eyes of the algorithm, the third community is artificial. This is not

surprising, as the high value of x makes the cluster detection very difficult.

What happens in this toy example can find justifications in works that have been conducted about the

thresholds for the parameters regarding exact recovery of the Stochastic Block Model. This leads us to

the following subsubsection.

4.1.4 Thresholds

The above experiment raises questions about bounds for exact recovery of the clusters in a SBM. In the

case of a SBM with two equally-sized communities with same internal probability p, one can find such

bounds in the literature. This problem has attracted a lot of attention since 1990s, especially providing

lower bounds of |p−q | for exact recovery, where p and q are respectively the internal and external proba-

bilities of edge. For instance, [13] used the min-cut algorithm via degrees to show that p−q =Ω(1) ensure

recovery. The same result has been shown in [37] using the EM algorithm, and more recently in [31] using

a spectral method. The result p − q =Ω(n−1/6+ϵ) has been shown in [20] via Metropolis algorithm, and
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p −q =Ω(n−1/2+ϵ) result has been shown in [12] using the augmentation algorithm.

However [1] obtained a better bound that is tight. Their result is expressed in the two following theorems,

in which we let p = α log (n)
n and q = β log (n)

n , and β< α.

Theorem 2. — Let 0 ≤ β< α. If α+β
2 −√

αβ< 1, or equivalently, if either α+β< 2 or (α−β)2 < 4(α+β)−4

and α+β≥ 2, then ML fails in recovering the communities with probability bounded away from zero.

Theorem 3. — If α+β2 −√
αβ> 1, i.e., if α+β> 2 and (α−β)2 > 4(α+β)−4 and α+β≥ 2, then the maximum

likelihood estimator exactly recovers the communities (up to a global flip), with high probability.

In the latter the term with high probability refers to the probability going to 1 as n goes to infinity.

[1] gives an efficient semidefinite programming ML relaxation-based algorithm and proves its ability to

recover the communities near the bound. Furthermore, their numerical experiments indicate that the

algorithm could attain it. Another efficient algorithm which touches the bound is obtained by means of

partial recovery and local improvement procedure.

4.1.5 Modularity maximization

Clusters and community structure appear naturally in real-life networks [26], and their detection can be

primordial. For instance, a disease that appears in a very connected social cluster may travel very fast

inside of it, but may never expand to other clusters depending on how isolated the infected one is.

Modularity is a graph clustering index. This means that this is a measure quantifying the strength of

division of a graph into potential clusters. A high modularity is associated with strong (in the sense of

numerous for simple graphs, and heavy for weighted graphs) connections between the nodes inside

clusters and weak connections between nodes situated in different clusters. Thus it can be a powerful

tool to detect community structure in a network. Nevertheless, it admits limitations, such as its inability

to detect small communities [16] [23].

Roughly speaking, we can define it as : given a partition of the vertices, the proportion of the edges that

fall inside the given clusters minus the expected proportion if the edges were distributed at random. For

undirected and unweighted graphs, this value belongs to [−1/2,1] [8]. We give a rigorous definition :
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Definition 4.1.4 (Modularity). Let G be an order n and size m graph, with adjacency matrix A, a size n

degree vector d , and c the n-sized vector of community membership, i.e. ci determines the community

of vi . Then, we have the following formula for the modularity from [11], a generalization of the case of

two communities in [26]:

Q = 1

2m

∑
v w∈V×V

[
Av w − dv dw

2m

]
δ(cv ,cw ),

where δ is the Kronecker function that returns 1 if cv = cw and 0 otherwise.

Let us explain a little bit how this formula was derived. As said previously, we shall compute the number

of edges between a given pair of vertices minus the expected number. The actual number is Av w , and the

expected number is dv dw
2m−1 . We give a probabilistic justification of this as a lemma :

Lemma 4.2. The expected number of edges between two vertices v and w is dv dw
2m−1 .

PROOF : Consider the kv stubs incident at v , and associate to each of them an indicator variable for

i = 1, ...,kv defined as

I(v,w)
i =


1 if the i-th stubs connect v to w

0 else

Then as the ith stub of v can be connected to every other 2m−1 stubs, but only the kw of w connecte the

two vertices, we get

E[I(v,w)
i ] = P(I(v,w)

i = 1) = kw

2m −1

So the total number of edges Tv w between v and w is nothing more than the sum of the I(v,w)
i and thus

we finally get the following result :

E[Tv w ] = E

[
kv∑

i=1
I(v,w)

i

]
=

kv∑
i=1

E[I(v,w)
i ] =

kv∑
i=1

kw

2m −1
= kv kw

2m −1
,

which concludes the proof. □

Going back to the definition, we see a sum of Av w − dv dw
2m , and not Av w − dv dw

2m−1 . This is because one can

make this approximation when m large, which is often the case with the graphs we consider in this pa-

per, without losing important information. Finally, a term Av w − dv dw
2m is counted in the sum if and only
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if both v and w belong to the same cluster in the given partition, hence the factor δ(cv ,cw ). The 1
(2m) is a

normalizing constant.

4.1.6 Maximum Likelihood Estimation (MLE)

Given an observation of a graph drawn from SBM, a powerful tool to help us recovering the latent blocks

is the Maximum Likelihood Estimation. We recall its definition from the preliminaries (see 0.0.11). Ac-

cording to Definition 2.3.1, for A, the adjacency matrix of our network, we get the following likelihood

function. Notice that this expression is derived using independence of the Ai j condditioned on c

L(P;c) = ∏
i< j

P
Ai j
ci c j

(1−P
(1−Ai j )
ci c j

)

and taking the natural logarithm of this expression yields the log-likelihood function

l (P;c) := ∑
i< j

Ai j l og (Pci c j )+ (1−Ai j )log (1−Pci c j )

that we can re-writte as

l (P;c) = ∑
a≤b

hab Āab(c)log (Pab)+hab(1− Āab(z))log (1−Pab) (5)

with

hab := ∑
i< j

1ẑi (a)1ẑ j (b)

and

Āab(c) :=
∑

i< j Ai j 1ĉi (a)1ĉ j (b)∑
i< j 1ĉi (a)1ĉ j (b)

=
∑

i< j Ai j 1ĉi (a)1ĉ j (b)

hab

Let us study the first and second derivatives of l with respect to P

∂l (P;c)

∂Pab
= hab

( Āab(c)

Pab
− 1− Āab(c)

1−Pab

)
(6)
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∂2l (P;c)

∂Pab
2 =−hab

( Āab(c)

P2
ab

− 1− Āab(c)

(1−Pab)2

)
< 0 (7)

Thanks to equation (7), we see that for c fixed, l admits a maximum. We know that this maximum is

attained when the first derivative is set to 0, and as

∂l (P;c)

∂Pab

∣∣∣
P=Ā(c)

= 0

we obtain P̂ab = Āab(c). Notice that when the indices are i , j they range from 1 to n, but when the indices

are a,b they range from 1 to k. Then the profile likelihood on c is

l (c) = l (P̂;c) = ∑
i< j

Ai j log (P̂ci c j )+ (1−Ai j )log (1− P̂ci c j ) (8)

One would obtain ĉ as a result of equation (8)’s maximization, but unfortunately this is computationally

infeasible.

4.1.7 Advantages/disadvantages of the above-mentioned inference methods

In this subsubsection, we summarise some advantages and disadvantages of modularity maximization

methods, MLE and spectral clustering algorithm.

Let us start with modularity maximization based methods, which have two big drawbacks: they can not

detect small communities [16, 23], are not statistically consistent, and find communities in their own null

model which is the Configuration Model. Consequently, they fail to obtain statistically significant com-

munity structure in empirical networks, but some solutions to this problem have been recommended in

[30].

On the other hand, methods based on Maximum Likelihood Estimation neither suffer the statistical issue

nor the resolution issue faced by modularity, but in the worst case it is computationally intractable for

large n.

To cover up the spectral clustering algorithm, we may recall that in part 4.1.2 we evoke normalized and

unnormalized Laplacian in order to apply the algorithm. Surprisingly, it has been shown in [24] that con-
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vergence of the algorithm towards the true partition in the unnormalized case is difficult to handle, and

necessitates additional conditions that are not always met. However, [24] also shows that under standard

assumptions, normalized spectral clustering always converges.

4.2 Graphon estimation

4.2.1 Non-parametric graphon estimation

When faced with a complex network, the first wish is to know more about its underlying structure. In this

section, we will summarize the non parametric approach to graphon estimation by [44]. The authors do

so by using maximum likelihood to obtain such an estimator Ŵ. As usual, n and k will be the number

of nodes and the number of communities respectively. A grouping of n nodes in k communities can be

represented by a vector h ∈ {2, ...,n}k with the property that
∑k

i=1 hi = n. Then it makes sense to see h
n as

the probability mass function of a random variable determined by the following cumulative distribution

function H :

H(x) = 1

n

⌊x⌋∑
i=1

hi

for 0 ≤ x ≤ k, so that H(x) ∈ {0, h1
n , h1+h2

n , ...,1}, authors of [44] denote its generalized inverse H−1 as follows

H−1(y) = inf
y∈[0,k]

{H(y) ≥ y}, 0 < y ≤ 1,

so that H−1(y) ∈ {1, ...,k}.

One must notice that an important difficulty inherent to this task is that the relation between the ordering

of A and the ordered random sample of the u j ∼ U[0,1], which is hidden. To overcome this, Ŵ must be

defined by re-indexing the columns and row of A via some permutation σ of {1, ...,n} before grouping

them following H. Following this idea, the authors define

Āab = 1

ha(hb − b)

nH(b)∑
j=nH(b−1)+1

nH(a)∑
i=nH(a−1)+1

Aσ(i )σ( j ),
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for a,b ranging from 1 to k. Then they get this expression [44]

Ŵ(x, y ;h) := 1

ρ̂n
ĀH−1(x)H−1(y)

for 0 < x, y < 1. The ρ̂n is the same as in 4.2.2.

It has been shown in [44] that under this framework, if W is Holder continuous, and Ŵ is fitted by block-

model maximum profile likelihood estimation, then Ŵ will be consistent, provided that ρn =ω( l og (n)3

n ).

4.2.2 Network histogram

In this section, we will discuss results of [28] which show that if the network we are considering is unla-

belled, the stochastic block model is a universal way to approximate an exchangeable network’s under-

lying structure. SBM reduces the number of parameters from
(n

2

)
to

(k
2

)
, with k << n, but as discussed

previously, a common problem is that when n grows large, it does not remain reasonable to suppose that

understanding the interactions between those fixed k blocks is enough to have a sufficient overview of

the network. That is why we went through different extensions of the SBM, such that the DCSBM and

MMSBM. However, it has been shown in [28] that the most natural way to capture more information is

to simply add blocks to the model, so that k grows with n, and authors discussed the choice of optimal

bandwidth. This leads to the network histogram [28], a nonparametric statistical approximation ob-

tained by fitting a SBM to a network. Doing this does not require to assume that the network has been

generate via a stochastic block model.

Given a network of n nodes defined by its adjacency matrix A, we can model it hierarchically by appealing

to the Aldous-Hoover Theorem 1. We do so by using the three following elements :

• a normalized graphon W(x, y), i.e with the particularity that
∫ ∫

(0,1)2 W(x, y)d xd y = 1.

• n independent random variables associated to each vertex j : u j ∼ U(0,1).

• for n, a deterministic scaling constant ρn = E(
∑

i< j Ai j )(
n

2

) > 0.
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For each n, our simple stochastic network model is then

Ai j |ui ,u j
i i d∼ Ber (ρnW(ui ,u j )).

Thus it follows that,

P(Ai j = 1) = E(Ai j ) = ρn

∫ ∫
(0,1)2

W(x, y)d xd y = ρn ,

and so the estimate for ρn is the following

ρ̂n =
∑

i< j Ai j(
n

2

) . (9)

To summarize the network completely it remains to estimate W. To do so, as previously mentioned,

authors fit a SBM to the network realisation. It has pre-specified bandwidth denoted as h. Let us write

n = kh+r where r is the remainder in the Euclidean division of n by h, and k is the dividend. We also need

a community membership vector c of length n, with each of this component being an integer ranging

from 1 to k. We want c to represent an arrangement of the n nodes into k communities : k −1 of size h,

and one last of size h + r . Thus the authors define the set of possible c as

Ck = {c ∈ {1, ...,k}nsuch that h components belong to {1, ...,k −1} and h + r equal k}

Then, they estimate c from A by the method of maximum likelihood [28]

ĉ = argmin
c∈Ck

∑
i< j

(Ai j log (Āci c j )+ (1−Ai j )log (1− Āci c j )).

Where Āab is called the bin height, representing the proportion of edges present between community a

and community b. Thus a,b range from 1 to k. The rigorous definition is

Āab :=
∑

i< j Ai j 1ĉi (a)1ĉ j (b)∑
i< j 1ĉi (a)1ĉ j (b)

. (10)
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Finally, combining equations (10) and (9) they obtain the following estimator for W:

Ŵ(x, y ;h) := ρ̂+n Āmin(⌈nx/h⌉,k)min(⌈ny/h⌉,k), 0 < x, y < 1

where h is the predetermined bandwidth, and 0 < x, y < 1. ρ̂+n is the generalized inverse.

Below, we add figures from [28] that show an explicit transformation from an adjacency matrix to a net-

work histogram for making things more visual to the reader [28].

(a) Adjacency matrix (b) Network histogram

Figure 13: Adjacency matrix of the political weblog data & and associated network histogram [28]

In this example, the network (here given in adjacency matrix form) represents the political weblog of [2],

where each of the 1224 nodes represents a blog, and an edge exists between two nodes if at least one

of the corresponding blogs’ front page links to the other.The x and y axis are normalized so they range

from 0 to 1. To obtain 13b from 13a, [28] divided the n = 1224 blogs into k = 17 communities of size

h = 72. This yields a division of the unit square into 17×17 = 289 squares-bins. Each bin is determined

by the two segments of the unit segment (each segment represents a community), and thus represent

the interaction between the two communities given by the segments. The height of each histogram bin

is determined by the number of edges present between the two communities. For visualisation purposes,

the height in 13b is the squared root of Ŵ. The detailed results of [28] show the universality of SBM when

it comes to approximating an exchangeable graph.
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5 Conclusion

In conclusion, we delved into a variety of notable random graph models, and defined them rigorously. We

also generated realisations of some random graphs models in sections 2.1, 2.3 and 2.2. We then formal-

ized the notion of graph limits or graphons, and matched the previously seen random graph models to its

graphon. Afterwards, we discussed inference methods and detailed some of the methods and algorithms

aiming to recovering hidden information from observations of networks, such as the spectral cluster-

ing algorithm, maximum likelihood estimation method or network histogram. In particular, we applied

the spectral clustering algorithm to some MATLAB-generated data in section 4.1.2 and 4.1.3. Finally, we

looked in graphon estimation. Particularly, we summarized a nonparametric approach to graphon esti-

mation by [44] and discussed the results of [28] that show stochastic blockmodel to be a universal way of

approximating exchangeable graphs.
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